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An Individualistic Approach to Item Analysis

Georg Rasch  University of Copenhagen

1. Introduction

Traditionally the properties of a psychological test are deiined in terms of

variations within some specificd population. In practice such populations
may be selccted in various reasonable ways, and accordingly the properties
referred to—-for example, the reliability cocfficient —are not specific to the
test itself but may vary according to how the population is defined. Similarly,
the evaluation of a subject is usually linked up with a population by a staad-
ardization of some kind and is therefore aot specific to the subject per se.
Our aim is to develop probabilistic imodels in the application of which the
population can be ignored. It was a discovery oi some mathematical sig-
nificance that such models could be constructad, and it seemed remarkable

that data collected in routine psychological testing covld be fairly well

represented by such models.

In a previous study (2) an attempt was made to build up a general {rame-
work within which the models-of arn ca.lier scudy (3) apnhear to be special
cases, and some properties of this generai frnmework were recognized. Bat
only recently it'has become quite clear that this model is in fact the complete
answer to the requirement that stateme.ts tbout tie parameters and ade-
quacy of a discrete probabilistic model be objective in a sease to be fully
specified.

At present, at least, the theory leading to this result is rather involved,
and it is not going to be a main topic for this paper. However, it is intended
that the following discussion on one of the models in the eariier study (3),
the model for item analysis in case of only two possible answers, should
demonstrate the nature of the type of objectivity we are aiming at, thus

pointing to the more general problem to be treated elsewhere.
. [ H

2. Data

The kind of situation to be considered is the following. in which a fairly
farge number of subjects were given an intelligence test. 'wo subdtests,
N (completing numerical sequences) and F (anualyzing geometric figures),
are of particular interest. The time allowed for N was chosen so that very
few of the subjects could be expected to achieve an eppreciably larger num-
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ber of correct answers even with unlimited time. (This fact was ascertained
by independent experimental evidence.) Therefore items that were not
answered were counted-as incorrect, and onc of the two responscs, correct
(+) or incorreet (=), was recorded for cach item. Test F was .suon.d ina
similar way.

"~ 3. Model
The model to be suggested is based on three assumptions:

I. To each situation of a subject (v) having to solve a test item (), there
corresponds a probability of a correct answer which we will write in the
form -

A

(3. l)]){-f-lv I}—'l—:’:‘r,

MNi = 0.

2. The situational parameter A,; is the product of two factors,

(3.2) Ai= &ve,

£, pertaining to the subject, € to the item.
3. All answers, given the parameters, are stochastically mdependent
Each of these assumptions calls for some comments. )

1. For description of observations two apparently antagonistic types of
models are availuble, deterministic models (such as the law of gravitation)
and stochastic models (such as Mendel's laws of heredity). However, the
choice of one type or the other does not imply that the phenomena ob-
served were causally determined or that they did occur by chance.

Even if it were believed that certain phenomena could be ‘‘explained
causally” (whatever such a phrase may mean), a stochastic model may be
preferable (as in thermodynamics).

Although adopting a probabilistic model for describing responses to an
intelligence test, we have taken no sides in a possible argument about
responses being ultimately explainable in causal terms.

2. In many psychophysical threshold experiments a subject is exposed to
the same stimulus a large numbcer of imies. Assuming that the repetitions do
not attect the judgments of the subject, this procedure gives the opportunity
of estimating cach A,; separately and hence of studying directly how the
situational parameter varies with subject and with strength of stimulus. In
such & situation we may or may not observe the multiplicative rule laid
down in 3.2. :

For the inteiligence tests we shail deal with, experience has shown that

. . B
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on one repetition the results are usually somewhat improved. A large num-
ber of repetitions have not been tricd, mainly because the questions are
such that it secems abmost certain that several of them will casily be recog-
nized after a few repetitions. Thercefore the possibility of a direct approach -
to the estimation of response probabilities seems remote.

To compensate, we have recourse to an assumption that may seem
rather bold, possibly even artificial, namely that A,; can be factored into a
subject parameter and an item parameter. This. combined with the two
other assumptions, produces a model that turns out to have rather remark-
able properties, some of which even lead 10 the possibility of examining
how well the model represents the data (sce Section 6).

Provided the two kinds of parameters can be operationally defined, they
also have a clear meaning, as seen by inserting 3.2 into 3.1:

(3.3) P+, i}=T%.

Thus, if the same person is given itcms with ¢ approaching 0, then his
probability of giving a correct answer approaches 0 while his probability
of giving an incorrect answer tends towird unity. And that is true for every
person, provided the model holds. Similarly, when ¢; gets large, the proba-
bility of + tends toward 1 and the probability of — toward 0. Since with
increasing ¢; the items become easier, we may call € the degree of easiness
of item i.

On the other hand, giving the same item to persons with &, apprcaching 0,
we get probubilities of correct answers tending toward 0, whilc if £, increases
indefinitely the probability tends toward 1. This holds for every item.
Trus we may colloquially call &, the ability of subject v with respect to the
kind of items in question.

In the definition of £, and ¢; there is an inherent indeterminacy. In fact, if
¢,v=1,..,Nandeg, i=1,... kisasetof solutions to the equations

(3.4) f.:ei = )\n
then, if £,, €] is another set of solutions, the re]étion
(3.5) Elei =&

must hold for any combination of v and i. Thus

’

(3.6) A A fi
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must be a constant, say, and accordingly the general solution is
] ' ' ! :
3.7 Ei=af,, €= e, a > 0 arbitrary.

The indeterminacy can be removed by the choice of one of the items, say
i =0, as the standard item having *“*a unit of easiness,” in multiples of which
the degrecs of easinesses of the other items are expressed.

By this choice, or an cquivalent one, the whole set of £,’s and €!'s is
fixed. In particular

(3-8) { | §v= A1'01

that is, the parameter of a subject is a very simple function of his probability
of giving a correct answer to the standard item,

| (3:9) }W___f_’k‘_'_]LQ}_ ; ‘ '

Ti1-pi+[v,07 ]

3

being the *“‘betting odds” on a correct answer. Now we may be able to find

a person who has in fact his £ =1. We may refer to him as a standard subject

(v =10). And then the item parameter

(3.10) € = Agi
is the same simple function of the probability that the standard person gives
a correct answer to this item.

3. To some psychologists the assumption of stochastic independence at
first sight appeais to be rather startling, since it is well known that usually
quite high correlation coeflicients between responses to different items
are found.

Correlated items are, however, a consequence of the assumption. With
moderate variation of ¢, say from 0.1 to 10, we will obtain quite high cor-
relation coefficients. But, of course. if ¢ is the same, or nearly the same, for
all individuals, the correlations become zero. of nearly zero. Under this
model the interitem correlations do not represent intrinsic properties of the
items, but are mainly determined by the variations in the person parameters.

Let p{({)} and p{(L)} stand for a person’s probabilities of a positive
and negative response. respectively, to item i. Considering next his possible
responses o two items, i and j, they can also be allotted probabilities:
- p{{L), (4)}. and so on. Now our third assumption states, among other
things, that his responses to-/ and j should be *“‘stochasticaily independent.”
Techuicaily this is expressed in the following relations:
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(3.11) P{(i), (i)}=p{(i)}p{({)}
p{(H), (D}=p{(D}Ip{({)} cte.

If in the first of these equations we divide by p{(4)} and in the second by
p{(1)}, we get '
L ]
' ' p{(i), (1} pl{(i), (1)}
12 D= , = -
12 P ==Y~ )

The ratio (3.12) of the two probabilities is the conditional probability of
a+ answer to i, given a + answer to j. The notation is

p{(i),(i)}_

(2.13) pliv) (D)} = p{()}
Thus the relations (3.12) can be written
(3.14) p{(D) ] D) =p{(H) (D)} =p{(})},

that is, the probability of a plus answer to i is independent of whether the
answer to j is -+ or—; it is just the probability of a plus answer to /.
And of course the same holds for a minus answer to i. This is a specifica-
tion of the statement that the answers toiandjare stochastically irdependent.
Assumption 3 also requires that for each subject the answers to all
questions be stochastically independent. Technically this is expressed in
the equation

(3.15) pl(3),(3), ... (D)} =p{(D} PN} ... p{(H)}

and all its analogues. The content of this statement is that the probability of .
a certain answer to an item or of a combination of answers to a sct of items
is unaffected by the answers given to the other items.

’

4. Comparison of two items

As an mntroduction to the more general treatment of the model in Section 5
we will consider how two items can be compared.

According to 3.11 and 3.3, the probability of correct answers to both
item /and item j is
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(.1 £leig;

T+ &e) (17 £g)

{P{(i),(i) [€}= p{(}) 1 £1p{(4) | €}

for a subject with the parameter £. Similarly,

@2 b la=7 +§e.-§)€(i1 Fég)’
(4.3) ORI (1 +§ei§)€(jl +é¢)’
(4.4) p{(H), ()&= : ' \

(1+¢£e)(1+¢€)°
. With the notations

@ = {1 in case of answer + to item i
=

4.5 0 in case of answer — to item i
and

(46) a, = ai + aj,

the probabilities of .= 0 and 2 are given by 4.1 and 4.4, while the proba-
bility of . =1 is the sum of 4.2 and 4.3:

e+ €)
(1 + ) (1 +&¢j)

4.7) pla=1]|¢}=

Now the conditional probability of a; = 1 provided a. = 1 is—analogous to
3.13 —obtained by dividing 4.7 into 4.2. However, by that operation the
common denominator and £ in the numerators cancel and we are left with

4.8) pla=1]a=1.¢}=="=,

- LA
irrespective of the subject parameter £, '

Considering. then, a number, n, of subjects, all of whom happened to have
a = 1, the probability that ¢ of them have 4; = 1 (and thus a; = 0) is given
by the binomial law:

-

(4.9) pi{c|n}= (F;) (*—i——)c (—fi—)'_c.

€+ € € + €

An Individualistic Approach to lem Analysis 95

Accordingly, by the relation

_&. __C
(4.10) €&+e€ n

the ratio (e;/€)) is estimated independently of the subject parameters, the
distribution of which is therefore irrelevant in this connection. #

Furthermore, we may get a check on the model by first stratifying the
subjects according to any principle —educational level or socioeconomic
status or even iandomly—and then applying 4.10 to each of the groups. For
the modei to hold, the ratio €/¢; should be the same in all of the groups and
the variation of the estimates obtained should therefore concur with the
binomial distributions 4.9.

The appropriate test for this constancy has a remarkable property.
Denote the within-group ¢’s and #’s by ¢,, n,, with g=1, , h, and their
totals by c. and n.. Since the groups could be collected mto onc group of
size n, to which 4.9 applies, we have

@.11) ple.ln}=(2) E=) G

On the other hand, the joint probability of the numbers ¢y, ...,
their stochastic independence, is

c € \n,-c
eal ... ,n,,}—n &) ()

cn, due to.

(4-12) p{C;,...,

In consequence the conditional probability of ¢y, .. .,
obtained by dividing 4.11 into 4.12,

cn given the total ¢,
becomes independent of € and ¢;:

(4.13) rici,. .

Lo Chlc,m, .., np) =

it follows that as far as the items / and j are concerncd, the testing of the
model can be carried outin a way thatis independent of all of the parameters.

In the formal derivation of the fundamental relation 4.8, subjects and
items can of course be interchanged. Thus the comparison of two subjects
~ and v by .means of a single item with parameter ¢ leads to the conditional
probability

1{a.=1.e}=-—-—§-"--

\ ' =
(4'14 . p{aﬂ §“+§y9
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where a,, a,, and g, have a meaning similar to 4.5 and 4.6. Probability 4.14
is independent of which item was used.

In principle, therefore, it should be possible to estimate the ratio in-
dependently of the item parameters. In practice, however, this method
does not work, because the number of items—in contrast to the number of
subjects—usually is small.

5. Generalization to k items

In generalizing the results of the preceding section we will first consider the
responses of an individual with parameter ¢ to & items. With the notation
4.5 and the adaptation

(5;1) a=a+...ta D
of 4.5, we may condense 3.3 to

52 plai| &} =-1(—§f-§

and the generalization of 4.1 through 4.4 to

r

plas, ..., ax | €} =pla | €} ... p{ax| €}
(5.3)

< £ e ... gk
_ _ '

(1+¢ée)

i=1

recalling that ¢; is either zero or one. From this result we derive the proba-
bility that «_ takes on a specified value r. If r= 0, every a; = 0, and thus

1

(5.4) ’ P{a.’-'olf}:;‘(")‘,
where for short we write
(5.5 - [T (+€e) =v(8).

i=1

R SR P SN e S Y
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We can obtain r =1 in k differen{ ways —

(11=1,a2=...=ak=0,
a=0,w=1l,a3=...m=a=10

(5.6)

—with the probabilities

.7) (e e fa

the sum of whizh is the probability

. =§(€|+...+€k)
(5.8) pla.=1]¢} (%) .

We can obtain r = 2 in (%) different ways, namely by taking any two of the
a;’s to be 1, the rest of them being 0. The probabilities of these combinations
are

' £e,€; Lleiey £lerey lex—1&x
(5.9) Y& y(&) y(&)” T y(€) T

and the sum of them is

52(6162 + R 61:-161.-)

(5.10) pla.=2[¢}= 7(8) .

In general a. = r can be obtained in (%) different ways, by m_king any rout
of the k a;’s to be 1, the rest of them being 0. The probabilitics of these
combinations being

fr € ... € g €|....€r-|€r+1 fr €41 000 €
CIV R T e T e

the probabiiity of a = r becomes

’

- = Y€
(5.12). , pla.=r| &} 7 (&)

——— e en ’ L s e e P S B P A, i R T R e e 5 S g i s
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where, for short,

(5.13) | Yr=(€1 ... €&)F .ot (€kortiooe. €)e
In particular for r = k, 5.13 contains only one term,

(5.14) Vi = €€ . €k

If in 5.12 we let r pass through the values 0,1, ..., &, all possibilities have
been exhausted and therefore the probabilities must add up to unity:

{5.15) ﬁ p{a,=r|f}=1.
r=0 . <
Hence .
(5.16) (&) =3 €,
: r=0

that is, v, are the coefficients in the expansion of the product 5.5 in powers
of £.* If the €'s were known, the v,’s could be'computed and it would be
possible from an observed a. to estimate £ and to indicate the precision of
the estimate —for example, in terms of confidence intervais. Thus a. is what
is called an estimator for £. How to compute an estimate from the estimator
is not our concern at present, but as an estimator . has an important
property.

On dividing 5.12 into 5.3 we obtain the conditional probability of the
ai's, given that their sum is r. Through this operation both the common
denominator and the common power of ¢ cancel and we get
€/l ... €*

(5.17) p{(lx,...,akia,=r,§}=-——;_y-———,

which is independent of €, the parameter to be estimated.

In order to realize the significance of this resuit we can turn to an obvious
but fundamental principle of science, namely, that [fwe want to know some-
thing about a quantity —for exampie, a parameter of a model—then we have
10 observe something that depends on that guaniiry, something that changes
if the quantity varies materially. For the purpose of estimating the parameter
¢ of a person, the observations ay, ..., a; are available. On repetition of the
experiment they would, according to our theory. vary at random in concord-

*In algebra they are known as elementary symmetric funclions of ¢;... . ., €.

-
-
-
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ance with the distribution 5.3, which depends on £. Also a random variable

ic a, tne distribution of which 5.12 depends on &, and therefore it can be

uscd for the estimation. But what S.17 tells s that the constellation of O's

and 1's producing ., which also varies at vandom, has a distribntion that

does not depend on €. From the fundamental principle it then follows that

once a. has been recorded, any extra information about wlich of the items .
were answered correctly is, according 10 our model, useless us a sanrce of
inference about £ (but not for other purposes, as will presently be seen).

The capital discovery that such situations cxist was made by R. A.
Fisher in 1922, and following his terminology we shall call a. « sufficient
statistic —or cstimuaror—for the parameter in question.

In the present situation, however, tae sufficicncy of a, needs a qualifica-
tion as being relative, since it rests upon the condition that the €’s are known.
As long as such knowledge is not available, the sufficiency as such is not
very helpful, but the important point of 5.17 then is that it depends solely
upon the €'s, not on £.

From 5.17 we can therafore proceed, as we did from 4.8. to consider a
collection of subjects that all happen to have a = r. Specifying by «.; the
a; of subject v and denoting by (g,;). given v, the set of responses dy, . . ., ks
that is,

(518) (aui) = (aula LR ] avk) ’

we can rewrite 5.17 in the form

: My Uk
(5.19  p{(an)]|a,=r} —E‘-——y—fi-— v=1,...,n.
r

The respcenses of the n persons being independert, their joint probability
is obtained by multiplying the n probabilities of 5.19. Denoting for short the
wthole set of n X k responses by ((a.;) ) —the double parentheses indicating
variation over both v and i—we get

(5.20) p{((a) | (a.=r)} = €' g G,\:.A’
where
(5.21) . a;= Z @

v=1

Stuteinent 5.20 implies that, as a consequence of the model. we have to deal
with the otal number of correct answers to each item ior the »# persons
in question.
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6. Separation of parameters

Let us finally consider the responses of n individuals with the parameters
&, ..., &, 10 k items with the parameters €,, . . ., €. With the notation
introduced in the last section, the model 5.2 now takes the form

— (fyﬂ)“""
(6-1) P{Uw'|§u,€u}— 1+§v€i’
and on the assumption of stochastic independence of all of the responses
ayi, v=1,...n, i=1,...k, the joint probability of the whole set ((a,i))
of them becomes

p{avi I fv,ei}

il
:!

p{((avi)) I (gv)s(ei)}

6.2) = .

In the numerator we notice that the parameter &€, occurs in A places, each

time raised to a power «,.;, which all together makes £f., and that the

parameler € occurs in n places, each time raised to a power a,;, adding up
- to a total power of a;. If furthermore the denominator is denoted by

6.3) Y (&), () = [] H (1+&e),

v=1

we can simplify 6.2 to

" k
I1&" -]

6'4 i ( n);(ei) = = =t .
(6.4) p{({a.i)) | (& } NIRRT
?
This formula is the generalization of 5.3 to n persons, but in consequence

of 6.4 we now have to derive the pxobablhty Ihdl Ayy ooty and d g, .oy
take on two specified sets of values: r, . . ., r, and sy, . .+, 5.

In analogy to Section 5—in particular the logical chain of 5.11 through
5.13—we should find all possible ways of building up zero/one matrices
({a1,)) that have the same row totals a4, =r,, v=1, ..., 1 and column tolals
a;=s;, i=1, ..., k, statc the probability of each realization, and add up all
such probabilitics to a total joint probability of the two sets of totals con-
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sidered. However, this procedure is greatly simpliﬁed'by the fact that all the
prooabilities to be added are equal, namely —according to 6.4 —

k
fiefie
y (&), (&)

v

(6.5)

Thus we have only to count the number of different ways in which it is
algebraically possible to build up a zerofone matrix with the row totals of
re,v=1,...,n cnd the column totals of i, i=1,..., k.

Determining this number is a combinatorial problem that appears to be
rather difficult, but at present we 1eéd nothing more thar. a notation. For
this number we write

_ Figy e ooy Iy (rl’)]
6 - = '
(6.6) [s,, ...,Sk] [(s.-)
and then we have

( ) I:I gv H €
67 pllan=r)(ai=s) | (€)@} = | () | Sl

This joint probability distribution of the row totals «, and the column

totals a; contains just as many parameters a. observables, and the latter

would therefore seem suitable for esiimation purposes. How true this is

becomes clear when we divide 6.7 into 6.4 —or 6.5—to obtain the proba-

bility of the whole set of observations, on the condition that the totals of
rows and columns are given. In fact, all parametric termis cancel, and we are -
left with a conditional probability

1

{(ru)] :
(s4)
that is independent of il of the parameters.

Therefore, once the totals have been recorded, any funhu statement as
vegards which of the items were answered correctly by whicl persons is,
according to our model, useless as a source of information about the
parameters. (Ancther use that can be made of the a,'s will emerge ata
later stage of our discussion.) Thus the row totais and the column totals are
not only suitable for zstimating the parameters; they imply every possible
statement about the parameters that can be made on the busis of the ob-

(€.8) Cpl@d) | (@, =r),(ai=s)} =
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servations ((a,;)). Accordingly we will, in continuation of the terminology
introduced in Section 5. characterize the row totals ¢,, v=1, .. ., n and
the column totals a,, i = 1,. .., k as a set of sufficient estimators for the
parameters £, ..., &, and €, . . ., €.

As 6.7 contains both sets of parameters, a direct utilization of this
formula would apparently lead to a simultaneous estimation of both sets.
However, in view of previous results (see the comments following 5.17) it
would seem appropriate to ask whether it is possible—also in this general
case—1o estimate the item parameters independently of the person param-
eters and, if so, vice versa as well.

In order to approach this problem we will first derive the distribution of
the row totals, appearing as exponents of the £’s, irrespective of the values
of the column totals, by summing 6.7 over all possible combinations of
$1, - - = 8¢ During this summation the denominator y((£,), (¢;)) remains
constant, as do the terms £Jv, v=1, ..., n in the numerator. Thus, on
introducing the notation

(©.9) v =3 [ e e

(l‘)
we obtain

y.r)((&)) f] &y

v=1

y((£).(&))

*

(6.10) p{la.=r) | (&), ()} =

from which it is scen that the £&.'s might be estimated from the row totals
if the €'s —and therefore also the polynomials 6.9 —were known.

Similarly, we can sum 6.7 over all possible combinations of ry, . . ., 1y,
keeping sy, . - ., 5, fixed. Substituting, in 6.9, £;, ..., éufore;, ..., & andin
consequence interchanging the r's and the s’s, we get

!

6.11) varl @) =3 [ & m,

L AT)

where, by the way,

(6.12) . | [Efﬂ = [E:;]
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With this notation the summation yields on analogy to 6.10:

yop(E)) - T] €

13 i = 5 v) &)1 = =) ’
613)  pllai=s) [ (&) ()} = sy

and accordingly the €;’s might be estimated from the column totals provided
ihe €5 were known.

Thus we niight estimate the £'s if the €’s were known, and the €'s if the
&’s were kncwn! And both extimations would even be relatively sufficient.
In fact, on dividing 6.10 into 6.7 to obtain the conditional probability of a
for given a,, we get

: k
: H e
610 ~{(@i=s) | (a=n). (&), (@)} =] )] ==

s vap((€))

which is independent of the parameters £, to be estimated. Similarly, the
division of 6.13 into 6.10 gives

1 &
615 plla.=r) | (@i=s5),(&) ()} =] ()] e,

which is independent of the €’s. But, of course. as long as neither set of
parameters is known, these possibilities are of ro avail.

1t is one of the characteristic features of the model undzr consideration
that this vicious circle can be broken. the instrument being a reinterpretation
of the formulas 6.14 and 6.15. Infact, as 6.14 depends on the €'s but not on
the £’s, this formula gives the opportunity of estimating the €'s without
deahing with the €'s. Thus the objections to both 6.7 and 6.13 have been
elimmated. The unknown £'s in these expressions have been repluced with
observable quantities: the individual totis «,. Similarly, in 6.15 the €’s of
€.7 and 6.10 have been repluced with the item totals «,, in consequence of
which we can estimate the £'s without knowing or simultincously estimating
the €'s. Thus the estimation of the two sets of purameters can be sepurated
from each other. . ’ ‘

'n this connection we can return to 6.8, noting that this formuia is a
consequence of the mudel structure — 3.3 and the stochastic independence —
irrespective of the values of the parameters of which the right-hand term is
independent. Therefore, if from a given maiix ((a,;)) we construct a quantity
that would be useful for disclosing a particular type of departure from the
model; then its sampling distribution as conditioned by the marginals a, and



104 Georg Rasch

a; will be independent of all of the parameters. Thus the testing of the model _

can be separated from dealing with the parameters. :

We will not consider here the question of how to perform such testing in
practice and also that of turning the observed row and column totals into
adequate estimates of the &'s and the €’s. '

In Chapter 6 of the carlier study (3) these questions were dealt with by
simple mcthods which were taken to be acceptable approximations. In the
case of subtest N the observations passed the test for the model satis-
factorily, but the model failed completely inthe casc of subtest I {gecometrical
shapes). In the latter subtest the time allowance, for some technical reasons.
had been cut below the optimal limit, but a rcanalysis of the data (not
reported here) has shown that when allowance 1s made for the ‘working
speed of each subject, the data fit the model just as well as for the numerical
sequences. .

However, from a theoretical point of view the method used to test the
model was unsatisfactory (see Rasch [3], Chapter 10, in particular pp.
181 —182). By now we are in the process of working out better methods, and
therefore for the time being we shall leave the dbcumentation of the applica-
bility of the model with simply a reference to the earlier work.

>

7. Specific objectivity

As regards the basic formulas 6.14 and 6.15, we have already noted that
when they are applied to the total set of data they enable us to separate the
estimation of one set of parameters from that of the other. However, formula
6.15 can also be applicd to any subgroup of the total collection of subjects
having been exposed to the & stimuli. Thus the parameters of the subjects in
the subgroup can be evaluated without regard to the parameters of the other
subjects.

In particular, the parameters of any two subjects can be compared on
their own virtues alone, quite irrespective of the group or population to
which for some reason they may be referred. Thus, as indicated in Section 1,
the new approach, when applicable, does rule out populations from the
comparison of individuals.

Similarly, formula 6.14 can be applied to any subset of the & stimuli, and
accordingly their parameters can be evaluated without regard to the param-
eters of the other stimuli. In particular, lhe parameters of any two stimuli
can be compared separately.

With these additional consequences, the principle of separabiuty leads to
a singular objcctivity in statements about both parameters and model
structure. In fact, the comparison of any two subjects can be carried out in
such a way that no other parameters are involved than those of the two
subjects —neither the parameter of any other subject nor any of the stimulus
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parameters. Similarly, any two stimuli can be compared independently of
all other parameters than those of the two stimuli, the parameters of all
other stimuli as well as the parameters of the subjects having been replaced
with observable numbers.

It is suggested that comparisons carried out under such circumstances be
designated as “specifically objective.” The same term would seem appropri-
ate for statements about the model structure that are independent of all the
parameters specified by the model, their unknown values being, in fact,
irrelevant for the structure of the model.

Of course. specific objeetivity is no gnarantee against the *“‘subjectivity™
of the statistician when he chooses his fiducial limits or when he judges
which kind of deviations from the model he will look for. Neither does it
save him from the risk of being offered data marred by the subjective attitude
of the psychologist during his observations. Altogether, when introducing
the concept of specific objectivity, I am not entering upon a gencral philo-
sophical debate on the racaning and the use of objectivity at large. At
present the term is strictiy limited to observational situations that can be
covered by the stimulus-subject-response scheme, to bic described in terms’
of a parametric model that specifies parameters for stimuli and for subjects.

What has been demonstrated in detail in the case of two response cate-
gories is thet the specified objectivity in all three directions can be altained
insofur vs the type of model defined hercin holds. Recently it has been
shown that except for unimportant mathematical restrictions, the inverse
staterent is also true: if only two responses are available, the observations
musi conform to the simpiz model 3.3 if it is to be possible to maintain
specific objectivity in statements about subjects, stimuli, and model.

8. Ficlds of application

The problems we have been dealing with in the present paper were formu-
lated within a narrow field, psychological test theory. However, with the
discovery of specific objectivity we have arrived at concepts of suci gen-
erality that the original limitation is no longer justified. Extensions into
other fields of psychology, such as psychophysical threshold experiments
and experiments on perception of values, offer themselves, but the stimulus-
subject-response framework is by no means limited to psychology. Thus in
a recent publication (1) a Poisson mode! was employed in an investigation
of infant mortality in Denmuark in the period 1931-60. In each year the
nunmiber of infaat deaths (of all causes or of & particular cuuse) out of the
number of boys and of girls, born in or out of wedlock, was recorded. In
this case the years served as subjccts, the combination of sex and legitimacy
of the children as the stimulus, and the number of infant deaths out of the
number of children born as the responses.
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From economics’ we can take household budgets as an example. The
families serve as subjects, income and expenditures—classified into a few
types—as stimuli, and the amount earned and the amount spent as the
responses.

These examples may indicate that the framework covers a rather large
field within the social sciences. Delineating the area in which the models
described here apply is a huge problem, the inquiry into which has barely
started. .

But already the two intelligence tests mentioned in Section 2 and dis-
cussed at the end of Section 6 are instructive as regards the sort of diffi-
culties we should be prepared to meet. For one of them. the numencal
sequences, the earlier analysis (3, Chapter 6) showed a perfectly satisfactory
fit of the observations to the model —that is, in this case specific objectivity
can be obtained on the basis of the response pattern for each subject. For
the other test, the geometrical shapes, the analysis most unambiguously
showed that the separability did not hold.

Neither did it hold for a different intelligence test, which was of the omni-
bus type, containing items that presumably called upon very different
intellicence functions. In this case, therefore, the data could not be expected
to allow for a description comprising only one purameter for each subject.
The items in the numerical sequences were quite uniform in that they re-
quired the testee to recognize a logical structure in a sequence of numbers.
According to the analysis. the items were sufliciently uniform —although of

very different levels of difficully —to allow for a description of the data by -

one parameter for each subject as well as for each item. The items of the
geometric figure test were constructed just as uniformly as the numerical
sequences, and therefore it was somewhat of u surprise that the results
wirned out quite adversely.

To this material | could add observations on two other tesis, constructed
with cqual care. One was a translation of the idea of Raven's matrix test
into letter combinutions, at the same time substituting the multiple choice
by a construction, on the part of the testee, of the answer. For this test the
results were just as good as for the numerical sequences. The other test
consisted of « set of verbul analogies where the number of answers offered
was practically infinite, with the effect that the muitiple choice was in fact
eliminated. Here the results of the testing were just as disappointing as for
the figure test. ’

This contrast, however, led to the solution of the mystery. The difference
between the two pairs of tests was due not to construction principles but to
the administration of the tests. For all four tests the adequate time allowance
wits determined by means of special experiments. On applying them to
random samples of 200 subjects, it turned out that the number of correct
answers formed a convenient distribution for the letter matrix test and for
the numerical sequences, but verbal analogies and the figure test were too
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easv ans’ the distributions showed an undesirable accumulation of many
corect answers. _

This happeéned in 1953, when only the barest scraps of the theory had
been developed, and yielding to considerable time pressure the test con-
structor, consulting me on the statistical part of the problem, severely cut
down the time allowances so as to move the distributions to the middie of
the range. While succeeding in that, we spoiled the test, turning it into a
mixture of a test for ability and a test for speed. ’

More recently, however, I have had the opportunity to reanalyze both
sets of data, grouping the subjects primarily according to their working
speed, as given by the number of items done, and applying to each grohp the
tecnnique of Chapter 6 of the earlier report (2). The result was startling:
Within each speed group I found confirmation of the theory, and the relative
difficultics of the items were independent of the working speed. Altogether,
with speed as ancillary information, specific objectivity can be attained in
regard to the properties which the tests really aimed at measuring.

Inverting the final statement, we get the moral of this story: Observations
may easily be made in such a way that specific objectivity, otherwise
available, gets lost. For instance. this can easily happen when qualitative
observations with, say, five categories of responses for convenience are
condensed into three categories. If the basic model holds for the five cate-
gories, it is mathematically almost impossible for the three-category model
also to hold. Thus the grouping, tempting as it may be, will usually tend to

_slur the specific objectivity.

In concluding, therefore, I must point out that the problem of the relation
of data to models is not only one of trying to fit vata to an adequately chosen
model from our inventory to see whetner it works; it is also how 1o make
observations in such a way that specific objectivity obtains.
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